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Abstract. We adapt the notion of generating functions for lagrangian submanifoldsto symplectic microgeometry. We show that a symplectic micromorphism alwaysadmits a global generating function. As an application, we describe hamiltonian flowsas special symplectic micromorphisms whose local generating functions are the solu-tions of Hamilton-Jacobi equations. We obtain a purely categorical formulation of thetemporal evolution in classical mechanics.
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1 Introduction
This article is a continuation of [3], in which we introduced the notion ofsymplectic microfolds and symplectic micromorphisms between them. Recallthat a symplectic microfold is essentially the same thing as a germ [M, A] ofsymplectic manifolds M around a lagrangian submanifold A, called the core.A symplectic micromorphism from [M, A] to [N , B] is a germ around thegraph of a smooth map φ : B → A, the core map, of a canonical relation1V ⊂ M × N containing the graph of φ and satisfying a certain transversalitycondition; we review the definitions in Section 2.1 below.In contrast with their macroworld counterparts (i.e. canonical relations),symplectic micromorphisms always compose well, forming thus, with the sym-plectic microfolds as objects, an honest symmetric monoidal category: the mi-crosymplectic category, which can be thought as the appropriate “microworld”
Received 03 April 2011.1The opposite symplectic manifold M of a symplectic manifold (M, ωM ) is the manifold Mendowed with the opposite symplectic form −ωM .
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analog to the symplectic “category” of symplectic manifolds and canonical rela-tions [12]. This makes the microsymplectic category a natural setting for ques-tions related to the functorial behavior of quantization schemes in symplecticgeometry.By “quantization scheme”, we mean here any well-defined correspondencebetween a certain type of geometric structures in the symplectic realm (suchas Poisson structures) and a certain type of algebraic structures in the realmof analysis (such as C∗-algebras). Two important ingredients involved in thesequantization questions have been the generating functions and the Fourierintegral operators associated with a given lagrangian submanifold (see [1, 7]).In this paper, we extend the notion of generating functions to the microworld.Our first main result is that any symplectic micromorphism admits a globalgenerating function. This is the best possible case when it comes to quantizationvia Fourier integral operators (as will be shown in a sequel [4]).A second result (Theorem 28) states that the underlying lagrangian submicro-fold of a symplectic micromorphism can always be decomposed into a fibrationby graphs of actual smooth map germs. The main example here is the cotan-gent lift T ∗φ : T ∗A → T ∗B of a smooth map φ : B → A, whose underlyinglagrangian submicrofold is the germ of the lagrangian submanifold{((p1, φ(x2)), ((T ∗x2φ)p1, x2)) : (p1, x2) ∈ φ∗(T ∗A)}
around the graph of φ. When φ is not a diffeomorphism, T ∗φ is not the graphof a symplectomorphism, although the cotangent maps T ∗x2φ : T ∗φ(x2)A → T ∗x2 Bto φ at each x2 ∈ B are actual maps. This gives us a decomposition
T ∗φ = ⋃
x2∈B
gr T ∗x2φ
of T ∗φ associated with the lagrangian fibration of T ∗B by its cotangent fibers.More generally, a similar decomposition holds for general symplectic micro-morphisms from [M, A] to [N , B], which is uniquely associated with the dataof a lagrangian fibration of [N , B]. This special geometry of the underlyinglagrangian submicrofolds may be of help in questions related to the continuityof their corresponding Fourier integral operators. Namely, in various instances([6, 8, 10]), the continuity in L2-spaces of some classes of FIOs has been re-lated to their wave-fronts being local graphs. From a different perspective, thisdecomposition is reminiscent of the notion of co-morphisms of Chen and Liuintroduced in [5] in the context of Lie groupoids.
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We derive the existence of global generating functions for symplectic micro-morphisms from a more general result: the equivalence theorem for cleanlagrangian submicrofolds (Theorem 8). It states that the data of a germ [L ,C] ofa lagrangian submanifold L ⊂ T ∗A that intersects the zero section cleanly in Cis equivalent to the data (K , f ) of a symplectomorphism germ 2 K : T ∗N ∗C →
[T ∗A, N ∗C] (of the type prescribed by the lagrangian embedding theorem [11]applied to the conormal bundle N ∗C ⊂ T ∗A and satisfying an extra condition)together with a function germ f : N ∗C → R around the zero section (andvanishing on it, as well as its differential). Actually, we prove that for each Kthere exists a unique f such that L = K (Im d f ). This defines the global gen-erating function f of the clean lagrangian submicrofold [L ,C] associated withthe symplectomorphism germ K .It turns out that the symplectic micromorphisms from T ∗A to T ∗B withcore map φ are nothing but the clean lagrangian submicrofolds in T ∗(A × B)with core gr φ. While giving another (and simpler) characterization of sym-plectic micromorphisms, the equivalence theorem also tells us that they admitglobal generating functions (associated with special symplectomorphism germsK as before).Another application of the equivalence theorem comes from considering therestriction of a symplectic micromorphism to a local chart. The restriction isagain a symplectic micromorphism, but now we have a canonical symplecto-morphism germ K coming from the affine structure of the local chart. Thisallows us to define the local generating function of the symplectic micromor-phism in the local chart as the global generating function of its restriction.We conclude this paper by associating with any hamiltonian flow on a cotan-gent bundle a symplectic micromorphism, the evolution micromorphism, whichencodes the dynamics for asymptotically short times. We show that the localgenerating functions of the evolution micromorphism coincide with the solu-tions of the Hamilton-Jacobi equation for the flow in local charts. Moreover,by considering a particular monoid object in the microsymplectic category,the energy monoid T ∗E, we show that the T ∗E-modules are essentially thesame thing as germs of hamiltonian flows with time-independent hamiltonian.This gives us a categorical formulation for the temporal evolution in classicalmechanics. Finally, we briefly describe how symmetries in classical mechan-ics can be formalized using the language of symplectic microgeometry. This
2Given a vector bundle E → A, when it is clear from the context, we write E to denote themicrofold [E, Z A], where Z A is the zero section of E . Moreover, we also identify Z A with Aand the submanifolds C ⊂ A with the corresponding submanifolds of Z A, yielding the notation
[E,C].
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approach to symmetry, which will be developed in full detail somewhere else,is very close in spirit to the work of Benenti on the Hamilton-Jacobi equationfor a hamiltonian action ([2]).
2 Transversality and deformations
In this section, we start by recalling some basic definitions concerning thegeometry of manifold germs or microfolds (see [3, 11] for more details). Thenwe focus on the geometry of lagrangian submanifolds in cotangent bundlesaround their intersection with the zero section. This geometry is captured bythe notion of a lagrangian submicrofold [L ,C] in [T ∗A, Z A], that is, a germ [L]of lagrangian submanifolds L ⊂ T ∗A around C ⊂ A.
The main result of this section is the equivalence theorem (Theorem 8) whichstates that the lagrangian submicrofolds [L ,C] that intersect the zero sectioncleanly in C coincide with certain deformations of the conormal microbundle
[N ∗C,C]. Moreover, the cleanliness assumption is enough to define a notion ofglobal generating function for the lagrangian submicrofold.
2.1 Definitions
A microfold is an equivalence class [G, A] of manifold pairs (G, A), where Ais a closed submanifold of G; two pairs (G1, A) and (G2, A) are equivalent ifthere exists a third one (G3, A) for which G3 is simultaneously an open sub-manifold of both G1 and G2.
The manifold A is called the core of the microfold [G, A]. In other words,
[G, A] is a manifold germ around A.
A morphism [8] : [G, A] → [H, B] between microfolds is an equivalenceclass of smooth maps 8 : (G, A) → (H, B) between representatives, wheretwo such maps are equivalent if there is a common neighborhood of A onwhich they are both defined and equal. The morphism is an isomorphismwhen there is a representative map which is a diffeomorphism. Any such iso-morphism induces a diffeomorphism between the cores.
A microbundle is a microfold [E, Z A] obtained from a vector bundleE → A by taking the germ of E around the zero section Z A. (Every microfoldis diffeomorphic to a microbundle.) When clear from the context, we will write
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E instead of [E, Z A]. Throughout, we will use the canonical identifications
T(0,x)E = Ex ⊕ Tx A,
T(0,x)Z A = {0} ⊕ Tx A,
V(0,x)E = Ex ⊕ {0},
where the vertical bundle V E → E of a vector bundle π : E → A isthe subbundle of T E whose fiber at e ∈ E is the kernel of Teπ . If C is asubmanifold of A and E → A a vector bundle, we will write E|C to denotethe restriction of E along C .A submicrofold [H, B] of [G, A] is a microfold for which there arerepresentatives (H, B) and (G, A) such that B is a submanifold of A and H isa submanifold of G, and H ∩ A = B. We say that [H, B] is a clean submicro-fold if the intersection of H with the core A is clean (i.e. T H ∩ T A = T B).A symplectic microfold is a microfold [M, A] such that M is a symplecticmanifold and A is a lagrangian submanifold.A lagrangian splitting of a symplectic microfold [M, A] is a lagrangiansubbundle K → A of T M |A that is transverse to A.A lagrangian submicrofold [L ,C] of [M, A] is a submicrofold such thatL is lagrangian in M .A symplectic micromorphism from [M, A] to [N , B] is a lagrangiansubmicrofold
[V, gr φ] ⊂ [M × N , A × B],
whose core is the graph of a smooth map φ : B → A and that satisfies thefollowing transversality condition: We require T V to be transverse along gr φto a (and hence any) lagrangian subbundle of the form
(T A ⊕ 0)× (0⊕ K ),
where K is a lagrangian splitting of [N , B].To distinguish symplectic micromorphisms from other lagrangian submicro-folds, we use the special notation ([V ], φ) : [M, A] → [N , B] instead of
[V, gr φ].
Remark 1. The definition of symplectic micromorphisms above differs fromthe one given in [3, Def. 3.1] but is equivalent to it as stated in [3, Cor. 3.1].It is better suited to our purposes since we will mostly be dealing here with
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symplectic micromorphisms ([V ], φ) : T ∗A → T ∗B between cotangent micro-bundles. In this case, we have a canonical lagrangian subbundle
3 := (T Z A ⊕ 0)× (0⊕ V (T ∗B)), (2.1)
where V (T ∗B) is the vertical subbundle of T ∗B. The symplectic micromor-phisms from T ∗A to T ∗B are thus the lagrangian submicrofolds [V, gr φ] thatare transverse to 3.
The symplectic microbundles and symplectic micromorphisms between themform a symmetric monoidal category; see [3]. Let us recall here that thetensor product of two microfolds is derived from the usual cartesian productof manifolds in the obvious way:
[M, A] ⊗ [N , B] := [M × N , A × B].
In turn, the tensor product of two symplectic micromorphisms is given by thetensor product of their underlying submicrofolds as above.
2.2 Equivalence theorem
We now define two a priori different classes of lagrangian submicrofolds
[L ,C] ⊂ T ∗A, each of which has the conormal microbundle N ∗C as one ofits members: the class of strongly transverse lagrangian submicrofolds andthe class of conormal microbundle deformations. Theorem 8 proves that theseclasses coincide with one another and with the class of clean lagrangian sub-microfolds.
Definition 2. Let C be a submanifold of A and let W → C be a complement-ary subbundle to T C in T A|C . We define the subbundle 3W → C of T T ∗A|Cby setting
3W := W 0 ⊕ W, (2.2)
where W 0c is the annihilator of Wc (i.e. the subspace of the covectors in T ∗c Athat vanish on Wc) for each c ∈ C .
Lemma 3. All lagrangian subbundles of T T ∗A|C of the form (2.2) are trans-verse to N ∗C along C .
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Proof. One checks that the symplectic orthogonal (3W )⊥(0,c) is contained in
3W(0,c) , and we conclude 3W(0,c) is a lagrangian subspace by dimension count.To see that 3W is transverse to N ∗C , we observe that T(0,c)N ∗C = N ∗c C ⊕TcC . By definition, Wc is transverse to TcC . This implies that their respectiveannihilator W 0C and N ∗c C are also transverse in T ∗c A. ¤
Definition 4. We say that a lagrangian submicrofold [L ,C] of T ∗A is stronglytransverse if it is transverse to all lagrangian subbundles of the form (2.2).
Example 5. The conormal bundle N ∗C is strongly transverse.
Let θ be a one-form on A, which we regard as a map θ : A → T ∗A. Its imageIm θ is a lagrangian submanifold of T ∗A if and only if θ is closed. We say thatIm θ is a projectable lagrangian submanifold of T ∗A since the restriction ofthe canonical projection T ∗A → A to Im θ is a diffeomorphism. Conversely, allprojectable lagrangian submanifolds of T ∗A are of this form.Now if θ vanishes on some submanifold C ⊂ A, then Im θ contains C(or, more precisely, contains the corresponding submanifold of the zero sec-tion Z A), and we can consider the induced lagrangian submicrofold [Im θ,C],which depends only on the germ of θ around C .The class of lagrangian submicrofolds [L ,C] in T ∗A whose image throughsome special type of symplectomorphism germ from [T ∗A, N ∗C] to T ∗N ∗C isprojectable will be very important for us in the sequel:
Definition 6. We say that a lagrangian submicrofold [L ,C] is a deforma-tion of N ∗C (or a conormal microbundle deformation) if, for all symplecto-morphism germs
[K ] : T ∗N ∗C −→ [T ∗A, N ∗C] (2.3)
fixing the core and such that the image by T K of the vertical distribution alongC in T ∗N ∗C is of the form (2.2), there is a germ [β] around C of a closedone-form β ∈ 1(N ∗C) vanishing on C and such that
L = (K ◦ Tβ ◦ K−1)(N ∗C), (2.4)
where Tβ is the symplectomorphism germ on [T ∗N ∗C,C] obtained from β byfiber translation as illustrated in Figure 2.1.
Remark 7. (2.4) is equivalent to L = K (Imβ).
Theorem 8. Let [L ,C] be a lagrangian submicrofold of [T ∗A, Z A]. Then thefollowing statements are equivalent:
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T ∗A
N∗C V (T ∗N∗C)
[K] T ∗N∗C
L
Tβ
AC CN∗C
Tβ
ΛW Figure 2.1
(1) [L ,C] is clean,
(2) [L ,C] is strongly transverse,
(3) [L ,C] is a deformation of N ∗C .
Proof. We first recall that, for three subspaces, E, F and G, of a given vectorspace, we have
(E + F) ∩ G = E ∩ G + F iff F ⊂ G. (2.5)
We start by showing that cleanliness is equivalent to strong transversality.
(1) ⇒ (2): Let 3W → C be a lagrangian subbundle as in (2.2). UsingTc A = Wc ⊕ TcC and identity (2.5), we see that the cleanliness assumption isequivalent to 0 ⊕ TcC = (0⊕ Wc) ∩ T(0,c)L + 0 ⊕ TcC, (2.6)
since 0 ⊕ TcC is contained in T(0,c)L . The transversality of Wc and TcCimplies that the two terms in the R.H.S. of (2.6) intersect only in {0}. There-fore we can conclude that
(0 ⊕ Wc) ∩ T(0,c)L = {0}. (2.7)
By taking the symplectic orthogonal of (2.7), we obtain
T(0,c)T ∗A = W 0c ⊕ Tc A + T(0,c)L ,
= W 0c ⊕ TcC + W 0c ⊕ Wc + T(0,c)L ,
= W 0c ⊕ Wc + T(0,c)L ,
where the last equality comes from the identity W 0c ⊕ TcC = W 0c ⊕ 0 +0 ⊕ TcC whose first term is contained in W 0c ⊕ Wc while its second term iscontained in T(0,c)L .
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(2)⇒ (1): The strong transversality assumption implies that L is transverseto all lagrangian subbundles 3W → C as in (2.2). Choose one. The symplecticorthogonal of the transversality condition yields
T(0,c)L ∩ (W 0c ⊕ Wc) = {0}, (2.8)
and, because 0 ⊕ W 0c is contained in W 0c ⊕ Wc, we have that T(0,c)L intersects0⊕ Wc only in {0}. Now, using this together with (2.5), we obtain
T(0,c)L ∩ (0⊕ Tc A) = T(0,c)L ∩ (0⊕ Wc + 0⊕ TcC),
= T(0,c)L ∩ (0⊕ Wc)+ 0⊕ TcC,
= 0⊕ TcC,
which proves that the intersection L ∩ Z A = C is clean.The equivalence between (2) and (3) is almost clear from the definitions.Namely, the tangent map of a symplectomorphism germ K as in Definition 6maps the vertical bundle in T ∗N ∗C along C to a lagrangian subbundle3W → Cof the form (2.2). Clearly, a lagrangian submicrofold [L ,C] of T ∗A is trans-verse to 3W → C if and only if [K−1(L),C] is transverse to the vertical dis-tribution along C . By continuity, this is equivalent to the existence of a (smallenough) representative L such that K−1(L) is transverse to the vertical distribu-tion, or, in other words, such that K−1(L) is projectable onto the zero section inT ∗N ∗C . With this in mind, the implication (2) ⇒ (3) is clear. The conversefollows from the lagrangian embedding theorem which guarantees the exis-tence of a K that sends the vertical distribution to any lagrangian subbundlealong N ∗C and transverse to it in T ∗A. ¤
Corollary 9. Let [L ,C] ⊂ T ∗A be a lagrangian submicrofold. Then the fol-lowing statements are equivalent:
(1) [L ,C] is clean,
(2’) [L ,C] is transverse to a lagrangian subbundle 3W → C as in (2.2),
(3’) [L ,C] is the image of N ∗C by a symplectomorphism germ fixing thecore as in (2.4).
Proof. A closer look at the (2) ⇒ (1) part in the proof of Theorem 8 showsthat we actually use the weaker version (2′) of (2) to prove (1). So we have acyclic sequence of implications (2) ⇒ (2′) ⇒ (1) ⇒ (2) showing that [L ,C]is clean iff it is transverse to a lagrangian distribution 3W . Similarly, we havethat (3′)⇒ (2′)⇒ (2)⇒ (3)⇒ (3′). ¤
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Remark 10. By the relative Poincaré Lemma, the one-form germ [β] in Def-inition 6 is exact, that is, there is a function germ [S] : N ∗C → R such that
β = d S. From now on, we will remove the ambiguity in the choice of [S] byrequiring that it vanishes on C . We will call [S] the generating function of theclean lagrangian submicrofold [L ,C] associated with the symplectomorphismgerm K .
2.3 Examples
2.3.1 Morse-Bott germs
Consider a smooth function f : A → R . The image Im d f of its differentiald f : A → T ∗A is a lagrangian submanifold T ∗A. The critical set of f is theset C f := (d f )−1(Z),
where Z is the zero section in T ∗A. We would like to characterize the class ofsmooth functions on A for which [Im d f,C f ] is a clean lagrangian submicro-fold. For this to make sense, we need C f to be a submanifold3 of A, in whichcase we call it the critical submanifold of f . The cleanliness of [Im d f,C f ] isrelated to the following notion:
Definition 11. We say that the critical submanifold C f is nondegenerate ifkerHx f = TxC for all x ∈ C , where Hx f is the Hessian of f at x (whichwe see as a linear map from Tx A to T ∗x A). A function f : A → R whosecritical submanifold is nondegenerate is called a Morse-Bott function. (If thecomponents of C f are isolated points, f is a Morse function.)
Proposition 12. Let f : A → R be a smooth function whose critical set C f isa submanifold of A. Then the lagrangian submicrofold [Im d f,C f ] is clean ifand only if C f is nondegenerate.
Proof. Consider the tangent map T d f : T A → T (T ∗A) and let x ∈ C f .On the one hand, we have that
Im Tx d f = {((Hx f )v, v) : v ∈ Tx A},
and, on the other hand, we know that T(0,x)Im d f = Im Tx d f . So the inter-section of T(0,x)Im d f with 0 ⊕ Tx A consists of the vectors 0 ⊕ v such that
(Hx f )v = 0, which, thanks to our assumption on kerHx , is exactly the sub-space 0 ⊕ TxC f . ¤
3We allow the connected components of C f to be submanifolds of possibly different dimensions.
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Example 13. Consider a function f : Rn → R. We see its differential as themap d f : x 7→ (∇ f (x), x), where ∇ f is the gradient of f . The critical set C fare the points in Rn where the gradient vanishes. The Hessian at x ∈ Rn is theJacobian matrix
Hx f =
(
∂2 f
∂xi∂x j (x)
)
regarded as a linear map from Rn to Rn . In case C f is a submanifold, it isnondegenerate when the Jacobian matrix vanishes only on vectors tangent toC f . In particular, if d f is transverse to the zero section in T ∗Rn , C f is a discretecollection of points, and the nondegeneracy condition for C f corresponds to thenondegeneracy of the Jacobian matrix at the critical points.
Example 14. Among the polynomial functions pn(x) = xn on the real line,the only one that yields a clean lagrangian submicrofold [Im dpn, 0] is thequadratic one.
Definition 15. We say that the smooth function germ [ f ] : [A,C] → [R, 0]is a Morse-Bott germ with critical submanifold C if there is a representativef ∈ [ f ] having C has its nondegenerate critical submanifold.
In other words, the lagrangian submicrofold [Im d f,C] is clean if and onlyif [ f ] : [A,C] → [R, 0] is a Morse-Bott germ.
2.3.2 Transverse lagrangian submicrofolds
Suppose that the lagrangian submicrofold [L ,C] of T ∗A intersects the zerosection transversally in C , that is,
T(0,c)L + 0 ⊕ Tc A = T ∗c A ⊕ Tc A,
for all c ∈ C . Of course, this implies that [L ,C] is clean, but now we alsohave that C must be discrete, since two transverse lagrangian submanifoldscan intersect only in isolated points. For instance, if C is reduced to a singlepoint x , [L , x] is clean iff it is transverse to T(0,x)Z A. Therefore the cleanlagrangian submicrofolds whose core is a single point correspond preciselyto the symplectic micromorphisms from [T ∗A, A] to the cotangent bundle ofthe one point manifold. Theorem 8 tells us that [L , x] is a deformation of theconormal microbundle of x , that is, [T ∗x A, x]. In other words, L is the imageof T ∗x A by a symplectomorphism germ around x fixing this point and thezero section.
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Example 16. In the cotangent bundle T ∗R = Rp ⊕ Rx of the real line, con-sider the clean lagrangian submicrofolds [L , 0] with the origin as core. Thetransversality of [L , 0] tells us that the projection (p, x) 7→ p maps a rep-resentative L diffeomorphically onto a neighborhood of 0 in the fiber T ∗0 R.Now suppose further that our clean lagrangian submicrofold is the image ofd f for a Morse-Bott germ [ f ] : [R, 0] → [R, 0]. Then the projection (p, x) 7→x maps Im d f diffeomorphically onto a neighborhood of 0 in R. So the classof Morse-Bott germs [ f ] : [R, 0] → [R, 0] with d f (0) = 0 corresponds tothe lagrangian submanifold germs through the origin that are projectable simul-taneously on both the p-fiber and x-fiber.
3 Local form
In this section, we show that the lagrangian submicrofold underlying a sym-plectic micromorphism is clean. As a consequence of the equivalence theoremfor clean lagrangian submicrofolds, we find that a symplectic micromorphism isalways a deformation of the cotangent lift of its core. This allows us to associatea global generating function (depending on the choice of some symplectomor-phism germ) with any symplectic micromorphism. This determines its localform in terms of local generating functions in admissible local charts (Theo-rem 20). Finally, we prove a theorem (Theorem 28) that gives a decompositionof the underlying lagrangian submicrofold of a symplectic micromorphism asa fibration over its core, the fibers of which are actual graphs of smooth mapgerms.
3.1 Global generating functions
Following [1], we call Schwartz transform the symplectomorphism
S : T ∗A × T ∗B −→ T ∗(A × B),(
(p1, x1), (p2, x2)) 7→ (−p1, p2, x1, x2).
The Schwartz transform gives a one-to-one correspondence between the canon-ical relations from T ∗A to T ∗B and the lagrangian submanifolds of T ∗(A× B).This remains true in the microworld:
Theorem 17. The Schwartz transform induces a one-to-one correspondencebetween the symplectic micromorphisms from T ∗A to T ∗B with core φ : B → Aand the clean lagrangian submicrofolds in T ∗(A × B) with core gr φ.
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Proof. Thanks to Corollary 9, we only need to show that the distribution 3 in(2.1) is of the form3W as in Definition 2 for some W . To begin, we observe thatthe distribution W := φ∗(T A) along gr φ is transverse to T gr φ in T (A × B).Its annihilator is W 0 = {0} ⊕ V (T ∗B), and we verify that 3W coincides with 3when restricted to gr φ. ¤
The proposition above allows us to apply Theorem 8 to symplectic micro-morphisms ([V ], φ) : T ∗A → T ∗B. The cotangent lift T ∗φ : T ∗A → T ∗B ofthe core map plays the role of the conormal microbundle since, by definition,
T ∗φ := S−1(N ∗ gr φ).
The conormal bundle N ∗ gr φ ⊂ T ∗(A × B) is the image of the lagrangianembedding ιφ of φ∗(T ∗A) into T ∗(A × B) given by
ιφ(p1, x2) = ((p1,−(T ∗x2φ)p1), (φ(x2), x2)). (3.1)
Thus the cotangent lift can be described by the representative
T ∗φ := {((p1, φ(x2)), ((T ∗x2φ)p1, x2)) : (p1, x2) ∈ φ∗(T ∗A)}.
This allows us to identify the cotangent lift T ∗φ and the conormal bundleN ∗ gr φ with the pullback bundle φ∗(T ∗A).We can now apply the equivalence theorem to the case of symplectic micro-morphisms. Namely, Theorem 8 tells us that the data of a symplectomorphismgerm
Kφ : T ∗(φ∗(T ∗A)) −→ [T ∗A × T ∗B, T ∗φ], (3.2)
whose restriction to the zero section coincides with ιφ and which satisfies thecondition in Definition 6, allows us to describe a symplectic micromorphism
([V ], φ) from T ∗A to T ∗B in the two following ways:
• [V ] = RVφ (T ∗φ) for a symplectomorphism germ
RVφ :
[T ∗A × T ∗B, gr φ] → [T ∗A × T ∗B, gr φ],
which is uniquely determined by Kφ and ([V ], φ). In other words, eachsymplectic micromorphism is a deformation in this sense of the cotangentlift of its core.
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• [V ] = K−1φ (Im[d f ]) for a smooth function germ
[ f ] : [φ∗(T ∗A), Z B] → [R, 0]
whose critical submanifold is the zero section Z B of φ∗(T ∗A). The germ
[ f ] is uniquely determined by Kφ and ([V ], φ), and it is called the globalgenerating function of ([V ], φ) associated with Kφ .
As before, the two descriptions are related: namely,
RVφ = Kφ ◦ Td f ◦ K−1φ ,
where Td f is again the symplectomorphism germ obtained by fiber translationwith the one form germ d f .
Example 18. Let φ be a smooth map from an open subset U2 ⊂ Rl to an opensubset U1 ⊂ Rk . In this case, we have a canonical symplectomorphism germ
T ∗(φ∗(T ∗U1)) Kφ→ [T ∗U1 × T ∗U2, T ∗φ](
(v1, p2), (p1, x2)) 7→ (p1, φ(x2)+ v1, (T ∗x2φ)p1 + p2, x2)
since we can identify T ∗(φ∗(T ∗U1)) with Rkv1 × Rlp2 × Rkp1 × U2. Therefore,a symplectic micromorphism ([V ], φ) from T ∗U1 to T ∗U2 is completely de-termined by the germ of a function
[ f ] : [Rkp1 ×U2, {0} ×U2] → [R, 0] s.t. ∂p f (0, x2) = 0. (3.3)
In very explicit terms, a representative V of the symplectic micromorphismcan be described as the set of points in T ∗U1 × T ∗U2 of the form(p1, φ(x2)+ ∂p f (p1, x2), (T ∗x2φ)p1 + ∂x f (p1, x2), x2), (3.4)
where (p1, x2) runs in a suitable neighborhood of the zero section in φ∗(T ∗U1).Here, we see that the symplectomorphism germ
RφV :
[T ∗U1 × T ∗U2, gr φ] → [T ∗U1 × T ∗U2, gr φ]
given by the formula
RVφ (p1, x1, p2, x2) = (p1,x1 + ∂p f (p1, x2), p2 + ∂x f (p1, x2), x2) (3.5)
maps T ∗φ diffeomorphically onto ([V ], φ) as prescribed by the equivalencetheorem.
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3.2 Local generating functions
Example 18 sets us on the way toward a notion of local generating function forsymplectic micromorphisms.
Definition 19. An admissible local chart for a symplectic micromorphism
([V ], φ) : T ∗A → T ∗B is a local chart of T ∗A × T ∗B with domain of theform T ∗U , where both factors of U := U1 × U2 are the domains of coordinatepatches χ1 : U1 → A and χ2 : U2 → B such that φ(χ2(U2)) ⊂ χ1(U1).We define the restriction of ([V ], φ) to T ∗U to be the symplectic micro-morphism ([VU ], φU ) from T ∗U1 to T ∗U2 obtained as the image([VU ], φU ) := (T ∗χ1 × T ∗χ2)([V ∩ T ∗(A × B)|χ(U ), gr φ ∩ χ(U )]),
where χ := χ1 × χ2.
Since the restriction of a symplectic micromorphism to an admissible localchart is a symplectic micromorphism and admits a generating function as inExample 18, we immediately obtain the following “local form” theorem:
Theorem 20. (Local form). Let ([V ], φ) : T ∗A → T ∗B be symplectic micro-morphism, and let T ∗U be an admissible local chart. Then there is a repres-entative VU ∈ [VU ] of the restriction to the local chart such that
VU = {(p1, ∂p F(p1, x2), ∂x F(p1, x2), x2) : (p1, x2) ⊂ W}, (3.6)
where W is a suitable neighborhood of the zero section in φ∗(T ∗U1). The localgenerating function F is of the form
F(p1, x2) := 〈p1, φ(x2)〉 + f (p1, x2), (3.7)
where f is a representative of the function germ as in (3.3).
Example 21. Let T ∗φ : T ∗A → T ∗B be the cotangent lift of a smooth map
φ : B → A. In an admissible local chart T ∗U , the cotangent lift admits thelocal generating function
FU (p1, x2) := 〈p1, φU (x2)〉.
However, the global generating function [ f ] : φ∗(T ∗A) → [R, 0] associatedby the equivalence theorem with any symplectomorphism germ (3.2) is alwayszero for cotangent lifts.
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3.3 Composition formula and monicity
Let M, N and P be three sets and let V ⊂ M × N and W ⊂ N × P be twobinary relations. We say that the composition W ◦ V ⊂ M × P is monic if, forall z = (m, p) ∈ W ◦ V , the set
Mz =
{n ∈ N : (m, n) ∈ V, (n, p) ∈ W}
is a singleton. In the microsymplectic world, the corresponding definition isthe following:
Definition 22. Let [M, A], [N , B] and [P,C] be three symplectic microfolds.The composition of the symplectic micromorphisms
[M, A] ([V ],φ)−→ [N , B] ([W ],ψ)−→ [P,C]
is monic if there are representatives V ∈ [V ] and W ∈ [W ] whose composition,as binary relations, is monic.
Our goal here is to show that the composition of symplectic micromorphismsis always monic. By the lagrangian embedding theorem, it is enough to see thisfor symplectic micromorphisms between cotangent microbundles:
T ∗A ([V ],φ)−→ T ∗B ([W ],ψ)−→ T ∗C.
First of all, for all c ∈ C and for all representatives V ∈ [V ] and W ∈ [W ],we have that zc := ((0, (φ ◦ ψ)(c)), (0, c)) ∈ W ◦ V,
and Mzc = {ψ(c)}. We need to check that the composition remains monic ina neighborhood of zc. To do this, we can go to local coordinates and consideradmissible local charts
T ∗U1 × T ∗U2 of T ∗A × T ∗B,
T ∗U2 × T ∗U3 of T ∗B × T ∗C,
such that (φ ◦ ψ)(c) ∈ U1, ψ(c) ∈ U2 and c ∈ U3. By Theorem 20, we canexpress the restrictions of these symplectic micromorphisms in terms of localgenerating functions:
VU = {((p1, ∂p F(p1, x2)), (∂x F(p1, x2), x2)) : (p1, x2) ∈ NV }
WU = {((p2, ∂pG(p2, x3)), (∂x G(p2, x3), x3)) : (p2, x3) ∈ NW },
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where NW is a neighborhood of (0, x3) in ψ∗(T ∗U2) and NV is a neighborhoodof (0, ψ(x3)) in φ∗(T ∗U1). A point z ∈ WU ◦ VU is of the form
z = ((p1, ∂p F(p1, xˉ2)), (∂x G( pˉ2, x3), x3)),
for ( pˉ2, xˉ2) such that
(∂x F(p1, xˉ2), xˉ2) = ( pˉ2, ∂pG( pˉ2, x3)).
The following lemma shows that Mz is reduced to a single point.
Lemma 23. For all (p1, x3) with p1 small enough, the following system
pˉ2 = ∂x F(p1, xˉ2),
xˉ2 = ∂pG( pˉ2, x3),
has a unique solution ( pˉ2(p1, x3), xˉ2(p1, x3)).
Proof. This follows from a straightforward application of the implicit func-tion Theorem to the function
K (p1, p2, x2, x3) =
(
∂x F(p1, x2)− p2
∂pG(p2, x3)− x2
)
around the point (0, 0, ψ(x3), x3) since ∂x F(0, x2) = 0 and ∂pG(0, x3) =
ψ(x3). ¤
Putting everything together, we obtain the following proposition:
Proposition 24. The composition of symplectic micromorphisms is alwaysmonic.
As a byproduct, we also get a composition formula for local generatingfunctions. We start by noticing that the unique point ( pˉ2, xˉ2) in Mz is alsothe unique critical point of the function
Hp1,x3(p2, x2) := F(p1, x2)+ G(p2, x3)− p2x2,
where p1 and x3 are held fixed. If we denote by (G?F)(p1, x3) the functionHp1,x2 evaluated at its critical point, we obtain the following result:
Proposition 25. In the notation as above, the function G ? F is the localgenerating function of the composition WU ◦ VU .
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Proof. We see this by noticing that
∂p(G ? F)(p1, x3) = ∂p F(p1, xˉ2),
∂x(G ? F)(p1, x3) = ∂x G( pˉ2, x3),
where ( pˉ2, xˉ2) is the unique critical point of Hp1,x3 . ¤
3.4 Decomposition in terms of graphs of maps
A cotangent lift T ∗φ : T ∗A → T ∗B has the nice property that, even though itis not itself the graph of a map when φ is not a diffeomorphism, the intersec-tion of its underlying lagrangian submicrofold with the coisotropic submanifoldT ∗A × T ∗x2 B is the graph of a map:
gr T ∗x2φ = T ∗φ ∩ (T ∗A × T ∗x2 B),
T ∗φ = ⋃
x2∈B
gr T ∗x2φ.
To make sense of this map-like property for general symplectic micromorphisms,we need the following definitions:
Definition 26. A lagrangian fibration F A of a symplectic microfold [M, A]is a collection, smoothly parametrized by A, of transverse lagrangian submicro-folds (in the sense of Paragraph 2.3.2)
[Fx A, {x}] ⊂ [M, A], x ∈ A.
A lagrangian fibration of [M, A] along a smooth map φ : B → A is a collec-tion F A smoothly indexed by B of transverse lagrangian submicrofolds
[Fy A, {φ(y)}] ⊂ [M, A], y ∈ B.
The vertical lagrangian fibration in a cotangent microbundle is given by thegerm of its fibers at 0.
Example 27. Consider the symplectic micromorphism T = ([gr9], 9−1|A ) from
[M, A] to [N , B] coming from a symplectomorphism germ 9 : [M, A] →
[N , B] between two symplectic microfolds. For any lagrangian fibration FBof [N , B], we obtain a corresponding lagrangian fibration F A of [M, A] along
φ := 9−1|A by setting
Fy A := 9−1(Fy B).
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If we denote by 9y the restriction of 9 to Fy A, we obtain the identities
gr9y = gr9 ∩ (M ×Fy B),
gr9 = ⋃
y∈B
gr9y,
which are similar to the ones we had in the case of cotangent lifts, except thathere the lagrangian fibration FB (which now plays the role of the vertical dis-tribution for cotangent microbundles) is not canonical.
Theorem 28. Let ([V ], φ) : [M, A] → [N , B] be a symplectic micromorphismbetween two symplectic microfolds. Then, for any lagrangian fibration FB of
[N , B], there exists a unique corresponding lagrangian fibration F A along φsuch that
gr9y = V ∩ (P ×Fy B),
V = ⋃
y∈B
gr9y,
for suitable representatives, and where [9y] : [Fy A, {φ(y)}] → [Fy B, {y}]is a collection of smooth map germs indexed by B.
Remark 29. The lagrangian fibration FB of [N , B] in the theorem above givesrise to the collection of symplectic micromorphisms([Fy B], cy) : [N , B] −→ E, y ∈ B,
where E = {0} × {∗} is the cotangent microbundle of the one-point manifold
{∗}. The core maps are the constant functions cy : {∗} → B that map theunique point of the core of E to each y. The corresponding lagrangian fibration
F A along φ is then obtained from the symplectic micromorphism ([V ], φ) bycomposition ([Fy A], cφ(y)) = ([Fy B], cy) ◦ ([V ], φ). (3.8)
Proof. The uniqueness of the decomposition is immediate from Remark 29.As for the existence, let FB be a lagrangian fibration of [N , B] and considerthe lagrangian fibration F A along φ as defined by (3.8). We denote by Ry theintersection of V with P×Fy B. By Remark 29, we have that Ry ⊂ Fy A×Fy Band that, for appropriate representatives,
V = ⋃
y∈B
Ry .
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We need to show that Ry is the graph of a map. For this, we consider thecomposition of the symplectic micromorphisms
[M, A] ([V ],φ)−→ [N , B] Fy B−→ E .
A point z ∈ Fy B ◦ V is of the form z = (p, (0, ?)), where p ∈ Fy A.Since, by Proposition 24, the composition of two symplectic micromorphismsis always monic, the set Mz is a singleton whose unique point is in Fy B. Wedenote this point by 9y(p), and this gives us a map 9y : Fy A → Fy B whosegraph is, by definition, Ry . ¤
Example 30. Let ([V ], φ) : T ∗U1 → T ∗U2 be a symplectic micromorphismbetween cotangent microbundles over the open subsets U1 ⊂ Rk and U2 ⊂ Rl .The local form theorem tells us that there is a representative V ∈ [V ] that canbe described by a generating function [ f ] as in (3.4). Thus V ∩ (T ∗U1× T ∗x2U2)is the locus of points of the form(p1, φ(x2)+ ∂p f (p1, x2), (T ∗x2φ)p1 + ∂x f (p1, x2), x2),
where x2 is fixed while p1 is free to vary in a neighborhood of 0 in Rk .Now, for each x2 ∈ U2, we may define the symplectomorphism germ
[T ∗U1, φ(x2)] Rx2−→ [T ∗U1, φ(x2)],
(p1, x1) 7→ x1 + ∂p f (p1, x2).
The image of the cotangent bundle fiber over φ(x2) by Rx2 defines a fiber ofour lagrangian fibration of T ∗U1 along the core map. Explicitly, it is
Lx2 =
{(p1, φ(x2)+ ∂p f (p1, x2)) : p1 ∈ W},
where W is a suitable neighborhood of 0 in T ∗φ(x2)U1. Lx2 is a lagrangian sub-manifold of T ∗U1 that intersects the zero section transversally in φ(x2). Nowthe map 9x2 from Lx2 to T ∗x2 N is given by the formula
9x2
(p1, φ(x2)+ ∂p f (p1, x2)) = ((T ∗x2φ)p1 + ∂x f (p1, x2), x2).
Example 31. Consider the symplectic micromorphism ([V ], φ) from R2 =
Rp ⊕ Rx to itself whose core is the constant function φ(x) = 0 and whosegenerating function is given by f (p, x) = p2x . The map
(p, x) 7→ ((p, 2xp), (p2, x))
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parametrizes a representative V ∈ [V ]. Consider the straight lines
lx := {(p, 2xp) : p ∈ R}
in R2 through the origin. The intersection of V with R2 × (Rp ⊕ {0}) is thegraph of the map 9x(p, 2xp) = (p2, x) that folds lx at the origin into ahalf-line and maps this ray linearly into the half-line parallel to the p-axis andpassing through (0, x).
Example 32. Let RA : T ∗A → T ∗A be a symplectomorphism germ that fixesthe core; i.e., the core of the corresponding symplectic micromorphism is theidentity map on A. For each x ∈ A, RA defines two lagrangian distributions,
Fx A := RA(T ∗x A) and Bx A := R−1A (T ∗x A),
the forward and backward images of the cotangent fibers via RA. Clearly,the restriction of RA to the backward distribution yields the decomposition
9x : Bx A → T ∗x A associated with the cotangent fiber distribution. Now, con-sider a symplectic micromorphism of the form
([V ], φ) = gr[R−1A ] ◦ T ∗φ ◦ gr[RB].
where RA and RB are symplectomorphism germs on respectively T ∗A and RBof T ∗B fixing the cores, and where T ∗φ : T ∗A → T ∗B is a cotangent lift.Then we obtain a decomposition given by the following diagram:
T ∗φ(x2)A T
∗x2φ T ∗x2 B
RB
Bφ(x2)A
R−1A
9x2 Fx2 B
4 Hamiltonian flows
In this section, we explain how symplectic microgeometry is a natural frame-work for the Hamilton-Jacobi theory of hamiltonian flows through their localgenerating functions. We show that there is a canonical symplectic micro-morphism,
ρH : T ∗R⊗ T ∗Q → T ∗Q,
the evolution micromorphism, that encodes the short-time dynamics of ahamiltonian system H : T ∗Q → R. The local generating function of ρH in
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an admissible local chart coincides with the solution of the Hamilton-Jacobiequation for the generating function of the hamiltonian flow in this chart.From a different perspective, the evolution micromorphism allows us to for-mulate the short-time evolution in classical mechanics in a purely categoricalway. Namely, we show that ρH turns T ∗Q into a module over T ∗R and thatall T ∗R-modules arise from hamiltonian flows (with possibly time-dependenthamiltonians).
4.1 The evolution micromorphism
Consider a hamiltonian system H : T ∗Q → R. The time evolution 9t :T ∗Q → T ∗Q generated by H is the flow of the hamiltonian vector field X H .It produces a lagrangian submanifold WH of T ∗R × T ∗Q × T ∗Q, which wecall the evolution submanifold, and which is defined as
WH :=
{((t, H(9t(z))), z, 9t(z)) : t ∈ Iz, z ∈ T ∗Q}, (4.1)
where Iz is the maximal interval on which 9t(z) is defined.
Remark 33. The core R of the T ∗R-factor in the product T ∗R× T ∗Q × T ∗Qabove corresponds to the possible energy levels E ∈ R of the system and notto the possible times. To remind us of this fact, we will denote this core by Einstead of R. A point t ∈ T ∗EE in the fiber represents the time, in accordancewith the physical time-energy duality.
Now we introduce the following map
J : Q → E × Q, (4.2)
q 7→ (H(0, q), q).
Remark 34. Observe that for “mechanical” hamiltonians
H(p, q) = 12 g(q)(p, p)+ V (q)
coming from a metric g and a potential V on Q, the map J is essentially thesame as the potential.
We see that the points in WH with t = 0 and z = (0, q) lie in the graphof J , and therefore it makes sense to consider the lagrangian submicrofold
[WH , gr J ]. A straightforward check shows that, if restricted to sufficiently
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small times and momenta, the evolution submanifold intersects the zero sectioncleanly in gr J . This yields the following result:
Proposition 35. Let H : T ∗Q → R be a hamiltonian system. Then the germof the evolution submanifold (4.1) around the graph of (4.2) yields a symplecticmicromorphism ([WH ], J ) : T ∗E ⊗ T ∗Q −→ T ∗Q, (4.3)
which we will refer to as the evolution micromorphism of the hamiltoniansystem.
Remark 36. In the discussion above, we started with a global hamiltonianH : T ∗Q → R, and we obtained from it its evolution micromorphism ([WH ],J ), which encodes the short-time dynamics of the hamiltonian system. By doingso, we lost some information since two different global hamiltonians will yieldthe same evolution submicrofold if their germs around the zero section in T ∗Qcoincide. Of course, it would have sufficed to start with a hamiltonian functiongerm [H ] : [T ∗Q, Z Q] → R and then consider the induced germ of flow todefine the evolution submicrofold.
4.2 The Hamilton-Jacobi equation
4.2.1 Time-independent hamiltonians
We can always choose the admissible charts for the evolution micromorphism(4.3) to be of the form(
(t, E), (p, q), (P, Q)) ∈ T ∗E × T ∗U × T ∗U, (4.4)
where U is a coordinate patch of Q. The local form theorem tells us that thereexists a unique local generating function S(t, p, Q) of the form
S(t, p, Q) = pQ + t H(0, Q)+ f (t, p, Q), (4.5)
which is defined for sufficiently small times and momenta, and such that
W UH =
{(
(t, ∂t S(t, p, Q)), (p, ∂p S(t, p, Q)), (∂q S(t, p, Q), Q))}, (4.6)
where the variables (t, p, Q) in (4.6) range in a suitable neighborhood of thezero section in J ∗(T ∗(E× Q)), is a representative of the restriction of evolution
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micromorphism to the local chart. Comparing (4.6) with (4.1), we see that Ssatisfies the following partial differential equation
∂t S(t, p, Q) = H(∂q S(t, p, Q), Q) (4.7)
with initial condition S(0, p, Q) = 〈p, Q〉. Equation (4.7) is known as theHamilton-Jacobi equation (for generating functions of type pQ) of the hamil-tonian system (T ∗Q, H). Here, the existence of a solution is an immediateconsequence of the local form theorem applied to the evolution micromorphism.Now suppose that we are given a generating function S(t, p, Q) that is non-degenerate in the following sense:
det ∣∣∂2S(0, 0, Q)
∂p ∂Q
∣∣ 6= 0. (4.8)
In this case, the implicit function theorem applied to the function K (t, p, Q) =
∂p S(t, p, Q) − q around the point (0, 0, q) guarantees that the followingimplicit system
q = ∂p S(t, p, Q) (4.9)
P = ∂q S(t, p, Q) (4.10)
has a unique solution (P(t), Q(t)) for each (t, p, q) with t and p small enough.This generates a flow 9t(p, x) = (P(t), Q(t)) on a neighborhood of the zerosection of T ∗U . The Hamilton-Jacobi theorem tells us that, if S further satisfies(4.7), then this flow coincides with the flow generated on the local chart T ∗Uby the hamiltonian flow of H .For the local generating function (4.5) of the evolution micromorphism (4.3),the nondegeneracy (4.8) is clear from (4.5), and the fact that the implicit Equa-tions (4.9) and (4.10) generate the flow is immediate from a comparison of (4.6)with (4.1).To conclude this paragraph, we will exhibit some nice relations between thehamiltonian and the local generating functions of its evolution micromorphism.From the Hamilton-Jacobi equation together with (4.5), we obtain
H(p, q) = ∂t S(0, p, q),
S(t, p, Q) = pQ + ∫ t0 H(P(s), Q(s))ds.
Moreover, a straightforward Taylor expansion in the time variable yields
S(t, p, Q) = pQ + H(p, Q)t + ∂x H(p, Q)∂p H(p, Q) t22 + ∙ ∙ ∙
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4.2.2 Time-dependent hamiltonians
Our next task is to characterize the symplectic micromorphisms from T ∗E ⊗T ∗Q to T ∗Q that come from the evolution submanifolds of (possibly time-dependent) hamiltonian systems. We proceed by imposing obvious conditionsin terms of their local generating functions.Let ([W ], J ) : T ∗E ⊗ T ∗Q → T ∗Q be a symplectic micromorphism withcore map J (Q) = (JE(Q), JQ(Q)). The general form for its local generatingfunction in an admissible local chart as in (4.4) is
S(t, p, Q) = t JE(Q)+ pJQ(Q)+ f (t, p, Q),
where f is some function that vanishes, as well as its derivatives in the t and pdirections, when t = p = 0. This implies in general that
∂2S(0, 0, Q)
∂p ∂Q =
( 0 ∇ JQ(Q)
∇ JQ(Q) 0
)
,
because of the vanishing of f . Now the nondegeneracy condition (4.8) is satis-fied iff JQ is a local diffeomorphism. If this is the case, Equations (4.9)-(4.10)define, as before, a flow 9t(p, q) = (P(t), Q(t)) on T ∗U such that
WU = {((t, ∂t S(t, p, Q(t))), (p, q),9t(p, q)) : t, p small}.
If we also want 9t to be the identity map when t = 0, we need to furtherimpose that S(0, p, Q) = pQ, or equivalently, that
pJQ(Q)+ f (0, p, Q) = pQ.
Differentiating this last equation with respect to p and setting p = 0, we areleft with no choice but to require that JQ(Q) = Q. Now we can define thetime-dependent hamiltonian
Ht(p, q) := ∂t S(t, p(t), q),
where (p(t), q(t)) := 9−1t (p, q). This way, the generating function satisfiesby definition the time-dependent Hamilton-Jacobi equation
∂t S(t, p, Q) = Ht(∂x S(t, p, Q), Q)
with the same initial condition for S as in the time-independent case. As aconsequence, WU is now of the form (4.1) with the hamiltonian H replaced
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with the time-dependent one Ht . The Hamilton-Jacobi theorem now tells usthat 9t is the flow of Ht in T ∗U . Because our local charts are of the form
idT ∗E ×T ∗χ × T ∗χ : T ∗E × T ∗U × T ∗U −→ T ∗E × T ∗Q|U˜ × T ∗Q|U˜ ,
where χ : U˜ → U is a local coordinate patch U˜ ⊂ Q, the hamiltonian flowsthat are induced on the coordinate patches T ∗Q|U˜ coincide on their overlaps.Thus this defines a time-dependent hamiltonian system Ht : T ∗Q → R (whereHt is only defined for small times and momenta) whose evolution microfold isprecisely ([W ], J ). Let us sum up what we have proven so far:
Proposition 37. A symplectic micromorphism
ρ : T ∗E ⊗ T ∗Q → T ∗Q
is the evolution micromorphism of a (possibly time-dependent) hamiltonian flowif and only if (Core ρ)(x) = (U (x), x)
for some smooth function U : Q → R.
4.3 Categorical mechanics
We want to describe the evolution micromorphisms in a purely categorical way.To give an indication of where we are aiming at, observe that the unitalitycondition
ρ ◦ (eE ⊗ idT ∗Q) = idT ∗Q
for the symplectic micromorphism ρ : T ∗E ⊗ T ∗Q → T ∗Q (eE is the uniquesymplectic micromorphism from the cotangent microbundle of the point toT ∗E) implies4 that (Core ρ)(x) = (U (x), x) for some function U : Q → R.Therefore, thanks to Proposition 37, the unitality condition, which is purelycategorical, already singles out the class of ρ coming from evolution micro-morphisms of possibly time-dependent hamiltonian systems. The time-inde-pendent case is more subtle, and requires us to look at T ∗E in a different way.
4Namely, at the level of the cores, the unitality condition imposes that
(prE × idQ) ◦ Core ρ = idQ ,
where idQ : Q → Q is the core of idT ∗Q and where the projection prE : E → {∗} is the coreof eE . If we denote the two components of the core map of ρ by (coreρ)(q) = (U (q), V (q)),we see that this last equation is satisfied if and only if V (q) = q.
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First of all, consider the Lie algebra T of the time translation group (R,+),which is the abelian Lie algebra on R. We can identify E with the dual of
T . As the dual of a (trivial) Lie algebra, E can be seen as a Poisson manifoldendowed with the zero Poisson structure. We call T the Lie algebra of time and
E the Poisson manifold of energy. The cotangent microbundle T ∗E = T × Eis a symplectic groupoid (see [13]) with source and target maps coinciding withthe bundle projection; the space of composable pairs is T ∗E ⊕ T ∗E, and thegroupoid product is the addition of times in a fiber of constant energy:
mE((t1, E), (t2, E)) = (t1 + t1, E).
One verifies that the graph of the groupoid product is a symplectic micromor-phism
μE :=
( gr[mE],1E) : T ∗E ⊗ T ∗E −→ T ∗E,
where the core map 1E is the diagonal map on E. It is easy to see that μEfurther satisfies the following associativity and unitality equations
μE ◦ (μE ⊗ id) = μE ◦ (id⊗μE),
μE ◦ (eE ⊗ id) = id = μE ◦ (id⊗eE),
where eE is the unique symplectic micromorphism from the cotangent bundleof the point to T ∗E. In other words, (T ∗E, μE) is a monoid object in themicrosymplectic category.
Proposition 38. A symplectic micromorphism ρ : T ∗E ⊗ T ∗Q → T ∗Q isthe evolution micromorphism of a time-independent hamiltonian system if andonly if
ρ ◦ (eE ⊗ id) = id, (4.11)
ρ ◦ (μE ⊗ id) = ρ ◦ (id⊗ρ), (4.12)
in other words, if and only if (T ∗Q, ρ) is a T ∗E-module in the microsymplecticcategory.
Proof. Let (T ∗Q, ρ) be a T ∗E-module. We have already seen that the unital-ity condition tells us that ρ is the evolution micromorphism of a time-dependenthamiltonian system Ht : T ∗Q → R. Therefore there is a representative of theform (4.1) with H replaced with Ht . A direct computation with binary relationsgives us a representative of the L.H.S of (4.12),{(t2, Ht1+t2 (9t1+t2(z)) , t1, Ht1+t2 (9t1+t2(z)) , z, 9t1+t2(z)) : z, t1, t2},
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as well as a representative of its R.H.S.,{(t2, Ht2 (9t1 ◦9t2(z)) , t1, Ht1 (9t1(z)) , z, 9t2 ◦9t1(z)) : z, t1, t2}.
Requiring the equality of both sides is equivalent to imposing that 9t1 ◦ 9t2 =
9t1+t2 and Ht(z) = H0(z) for all t1, t2 and t . In other words, the associativ-ity equation holds iff ρ is the evolution micromorphism of a time-independenthamiltonian system. ¤
Remark 39. It is straightforward to generalize the proposition above to gen-eral T ∗E-modules
ρ : T ∗E ⊗ [P, Q] → [P, Q]
in the microsymplectic category by using a symplectomorphism germ [9] :T ∗Q → [P, Q] coming from the lagrangian embedding theorem.
4.4 Classical symmetries
It is possible to generalize the previous scheme to a general hamiltonian actionof a Lie group G on T ∗Q with momentum map j : T ∗Q → G∗. In this case,we define the symmetry submanifold to be
WG :=
{((
v, j (exp(v)z)), z, exp(v)z)) : v ∈ U, z ∈ T ∗Q},
where U ⊂ G is the maximal neighborhood of 0 in the Lie algebra G on whichthe exponential mapping exp : U → G is a diffeomorphism on its image.Taking the germ of WG around the graph of j|Q × idQ yields a symplectic mi-cromorphism
ρG : T ∗G∗ ⊗ T ∗Q −→ T ∗Q.
Now, thanks to the exponential mapping, we can define a generating functiongerm from T ∗G∗ ⊕ T ∗G∗ to R via the formula
SG(v,w,μ) := 〈μ, exp−1 ( exp(v) exp(w))〉,
where 〈 , 〉 is the canonical pairing between the Lie algebra and its dual. Thisgenerating function germ defines a symplectic micromorphism μG from T ∗G∗⊗T ∗G∗ to T ∗G∗. One can show that (T ∗G∗, μG) is a monoid and that (T ∗Q, ρG)a T ∗G∗-module. This situation will be treated in full detail elsewhere.As a final comment, let us mention that our approach to hamiltonian flowsand symmetries through symplectic micromorphisms is close in spirit to thework of Almeida and Rios [9], Benenti [2] and Zakrzewski [14] on generalizedversions of the Hamilton-Jacobi theory for classical symmetries.
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